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Abstract 



An oriented graph is a directed graph without directed 2-cycles. Poljak and Turzik (1986) proved 
that every connected oriented graph G on n vertices and m arcs contains an acyclic subgraph 
with at least ^ + arcs. Raman and Saurabh (2006) gave another proof of this result and left 
it as an open question to establish the parameterized complexity of the following problem: does 
G have an acyclic subgraph with least y + + k arcs, where k is the parameter? We answer 
this question by showing that the problem can be solved by an algorithm of runtime (12A;)!n °W. 
Thus, the problem is fixed-parameter tractable. We also prove that there is a polynomial time 
algorithm that either establishes that the input instance of the problem is a Yes-instance or 
reduces the input instance to an equivalent one of size 0(k 2 ). 



(N 



C/3 



OO 

in 

q 

& Digital Object Identifier |10.4230/LIPIcs.xxx.yyyTp 



1998 ACM Subject Classification F.2.2 Nonnumerical Algorithms and Problems 
Keywords and phrases Acyclic Subgraph, Fixed-parameter tractable, Polynomial Kernel 



(Nl 1 Introduction 

> 

The problem of finding the maximum acyclic subgraph in a directed graprj^] is well-studied 
in the literature in graph theory, algorithms and their applications alongside its dual, the 
feedback arc set problem, see, e.g., Chapter 15 in [2] and references therein. This is true, in 
particular, in the area of parameterized algorithmics EH EZ1 US] • 

Each directed graph D with m arcs has an acyclic subgraph with at least m/2 arcs. 
To obtain such a subgraph, order the vertices x\,. . . ,x n of D arbitrarily and consider two 
. . spanning subgraphs of D: D' with arcs of the form x%Xj, and D" with arcs of the form XjXi, 

where i < j. One of D' and D" has at least m/2 arcs. Moreover, m/2 is the largest size 
of an acyclic subgraph in every symmetric digraph S (in a symmetric digraph the existence 
of an arc xy implies the existence of an arc yx). Thus, it makes sense to consider the 
parameterization]^] above the tight bound m/2: decide whether a digraph D contains an 
acyclic subgraph with at least m/2 + k arcs, where k is the parameter. Mahajan et al. E3] 
and Raman and Saurabh EH] asked what the complexity of this problem is. For the case 
of oriented graphs (i.e., directed graphs with no directed cycles of length 2), Raman and 
Saurabh |19j proved that the problem is fixed-paramter tractable. A generalization of this 



1 We use standard terminology and notation on directed graphs which almost always follows [2]. Some 
less standard and this-paper-specific digraph terminology and notation is provided in the end of this 
section. 

2 We use standard terminology on parameterized algorithmics, see, e.g., [71 151 117]. 
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problem to integer-arc- weighted digraphs (where m/2 is replaced by the half of the total 
weight of D) was proved to be fixed-parameter tractable in [TTj . 

For oriented graphs, m/2 is no longer a tight lower bound on the maximum size of an 
acyclic subgraph. Pofjak and Turzik |18j proved the following tight bound on the max- 
imum size of an acyclic subgraph of a connected oriented graph D: y + 1Jl j^- To see 
that the bound is indeed tight consider a directed path x\X2 ■ ■ ■ X2t+i and add to it arcs 
X3X1, X5X3, . . . , X2t+iX2t-i. This oriented graph H t consists of t directed 3-cycles and has 
2t + 1 vertices and 3t arcs. Thus, y + = 2t and 2t is the maximum size of an acyc- 
lic subgraph of H t : we have to delete an arc from every directed 3-cycle as the cycles are 
arc-disjoint. 

Raman and Saurabh |19j asked to determine the parameterized complexity of the follow- 
ing problem: decide whether a connected oriented graph D has an acyclic subgraph with at 
least ™ + + k arcs, where k is the parameter. Answering this question, we will prove 
that this problem is fixed-parameter tractable and admits a kernel with 0(k 2 ) vertices and 
0(k 2 ) arcs. 

Observe that we may replace k by | to ensure that the parameter k is always integral. 
Therefore, the complexity of the Raman-Saurabh problem above is equivalent to that of the 
following parameterized problem. 



Acyclic Subgraph above Poljak-Turzi'k Bound (ASAPT) 
Instance: An oriented connected graph G with n vertices and m arcs. 
Parameter: k. 

Question: Does G contain an acyclic subgraph with at least + + K arcs? 



Just a few years ago, as recorded by Mahajan et al. [13], there were only very few 
sporadic results on problems parameterized above or below nontrivial tight bounds. By 
now the situation has changed quite dramatically: most of the open questions in [14] on 
parameterized complexity of problems parameterized above or below tight bounds have 
been solved. In the process of solving these problems, some methods and approaches have 
been developed. One such method is the use of lower bounds on the maximum value of 
a pseudo-boolean function. The lower bounds are obtained using either a combination of 
probabilistic arguments and Fourier analysis inequalities [I] |UJ EH1 E] or a combination of 
linear algebraic, algorithmic and combinatorial results and approaches [4 . Unfortunately, 
this method appears to be applicable mainly to constraint satisfaction problems rather than 
those on graphs and, thus, development of other methods applicable to problems on graphs 
parameterized above or below tight bounds, is of great interest. Recently, such a method 
based on linear programming was investigated in [5J [IB] . 

This paper continues development of another such method, which is a combination of 
structural graph-theoretical and algorithmic approaches, recently introduced in [5]; in fact, 
this paper demonstrates that the approach of jS] for designing a fixed-parameter algorithm 
and producing a polynomial-size kernel for a problem on undirected graphs parameterized 
above tight bound can be modified to achieve the same for a problem on directed graphs. 

In a nutshell, the method uses both two-way reduction rules (i.e., rules reducing an 
instance to an equivalent one) and one-way reduction rules (in such a rule if the reduced 
instance is a YES-instance, then the original instance is also a YES-instance) to transform 
the input instance to a trivial graph. If the reduction rules do not allow us to conclude 
that the input instance is a YES-instance, then the input instance has a relatively "regular" 
structure that can be used to solve the problem by a fixed-parameter dynamic programming 
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algorithm. To establish the reduction rules and to show their "completeness", a structural 
result on undirected graphs is used, such as Lemma [8] in this paper or Lemma 3 in [5]. 

While the underlying approach in both papers is the same, the proofs used are different 
due to the specifics of each problem. In particular, a different set of reduction rules is used, 
and the "regular" structure derived in our paper is rather different from that in [5j. The 
dynamic programming algorithm and kernel proof are also completely different, other than 
the fact that in both papers the proofs are based on the "regular" structure of the graph. 
Finally, note that whilst the kernel obtained in [5] has 0(fc 5 ) vertices, we obtain a kernel 
with just 0(k 2 ) vertices and 0(k 2 ) arcs. 

The paper is organized as follows. In the next section, we obtain two basic results on 
oriented graphs. Two-way and one-way reduction rules are introduced in Sections [3] and [4] 
respectively. Fixed-parameter tractability of ASAPT is proved in Section [5] Section [6] is 
devoted to proving the existence of a polynomial kernel. In Section [7j we briefly mention 
another recent paper that showed that ASAPT is fixed-parameter tractable. We also discuss 
two open questions. 

Some Digraph Terminology and Notation. Let D be a directed graph on n vertices 
and m arcs. For a vertex x in D, the out-degree d + (x) is the number of arcs of D leaving x 
and the in-degree d~{x) is the number of arcs of D entering x. For a subset S of vertices of 
D, let d + (S) denote the number of arcs of D leaving S and d~(S) the number of arcs of D 
entering S. For subsets A and B of vertices of D, let E(A, B) denote the set of arcs with 
exactly one endpoint in each of A and B (in both directions). For a set S of vertices, D[S] is 
the subgraph of D induced by S. When S — {si, . . . , s p }, we will write D[s\, . . . , s p ] instead 
of D[{si, . . . , s p }]. The underlying graph JJN(D) of D is the undirected graph obtained from 
D by replacing all arcs by edges with the same end-vertices and getting rid of one edge in 
each pair of parallel edges. The connected components of D are connected components of 
UN(-D); D is connected if UN(D) is connected. Vertices x and y of D are neighbors if there 
is an arc between them. The maximum number of arcs in an acyclic subgraph of D will be 
denoted by a(D). Let 7(D) = y + ^y 5 , where c is the number of connected components of 
D. By the Poljak-Turzik bound, we have 

a(G) > 7 (G) (1) 

for every oriented graph G. A tournament is an oriented graph obtained from a complete 
graph by orienting its edges arbitrarily. A directed p-cycle is a directed cycle with p arcs. 

2 Basic Results on Oriented Graphs 

In our arguments we use the following simple correspondence between acyclic digraphs and 
orderings of vertices in digraphs. Let H be an acyclic spanning subgraph of a digraph D. It 
is well-known [2] and easy to see that there is an ordering x±, . . . ,x n of vertices of D such 
that if xiXj is an arc of H then i < j. On the other hand, any ordering x±, . . . ,x n of vertices 
of a digraph D = (V, A) leads to an acyclic spanning subgraph of D: consider the subgraph 
induced by {xiXj : XiXj £ A,i < j}. As we study maximum-size acyclic subgraphs, we 
may restrict ourselves to acyclic spanning subgraphs. Thus, we may use interchangeably the 
notions of acyclic spanning subgraphs and vertex orderings. 

There are some known lower bounds on a(T) for tournaments T on n vertices, see, e.g., 
[20] and references therein. We show the following useful bound which we were unable to 
find in the literature. 
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► Lemma 1. For a tournament T on n vertices with to = (™) arcs, we can, in polynomial 
time, find an acyclic subgraph with at least ^ + t — 1 = + 2 " 4 ~ 3 arcs, if n is even, or 
f + - 1 = 7(T) + ^ arcS; jj n j s 0(M 

Proof. We prove the lemma by induction. The claim can easily be checked for n = 1 and 
n = 2 and we may assume that n > 3. 

Consider first the case when n is even. Suppose that there exists a vertex x such that 
d + (x) > § + 1. Consider the tournament T' = T — x, with m' = m — (n — 1) arcs and 
ri' = n — 1 vertices. By induction, there is an ordering on T' that produces an acyclic 
spanning subgraph H' of T" such that 

, ,. to' 3(n' — 1) to — fn — 1) 3(n — 2) m in n 

Now add x to the beginning of this ordering. This produces an acyclic spanning subgraph 
H of T such that &(H) > a(-ff') + f + l>f + 3 f-l. 

If there is a vertex x such that <i _ (x) > S + 1, the same argument applies, but x is added 
to the end of the ordering. 

Otherwise, for every vertex x of T, d + (x) E — 1, ^ }. Moreover, by considering the 
sum of out-degrees, exactly half the vertices have out-degree ^. Hence, if n > 4, there 
are at least two vertices with out-degree J. Let x and y be two such vertices, and suppose, 
without loss of generality, that there is an arc from x to y. Now consider T 1 = T — {x, y} with 
to' = m — (2n — 3) edges and n' = n — 2 vertices. By induction, there is an ordering on the 
vertices of T' that produces an acyclic subgraph with at least 2 ^ — h^j — 1 = 2 2 1 + ^p— 1 arcs. 
Place x and y at the beginning of this ordering, with x occurring before y. Then this will add 
all the arcs from x and y to the acyclic subgraph. Thus, a(T) > ^ + ^— n— l+n = — 1. 

Now suppose that n is odd. Let x be any vertex in T, and let T' = T — x. By induction, 
there is an ordering on T' that produces an acyclic subgraph with at least ^ + — 1 arcs, 
where n' = n — 1 is the number of vertices and ml = m — (n — 1) is the number of arcs in T' . 
By placing x either at the beginning or end of this ordering, we may add at least (n— l)/2 
arcs. Thus, a(T) > + _ i + a=l = m + 3(«-i) _ L ^ 

► Lemma 2. Le^ S be a nonempty set of vertices of an oriented graph G such that both 
G-S and G[S] are connected. If a(G - S) > f(G - S) + ^ and a(G[5]) > 7(G[5]) + ^, 
tten a(G) > 7 (G) + fc '+f - 1 + |d+(5) ~ d ' (g)l . In particular, a(G) > 7 (G) + fc '+f - 1 z/ 
|B(S , ,y(G)\S , )| is ewen and a(G) > 7 (G) + fc '+f +1 , i/ V(G) \ S)\ is odd. 

Proof. Form an acyclic subgraph on G as follows. Assume without loss of generality that 
d + (S) > d~(S). Pick the arcs leaving S together with the arcs of the acyclic subgraphs in 
G — S and G[S] . This forms an acyclic subgraph H . Let m = m! + m" + fh and n = n' + n", 
where G — S has m' arcs and n' vertices, G[S] has m" arcs and n" vertices and fh = + 
d _ (5). The acyclic subgraph H has at least 7 (G- S) + ^ + 7 (G[5]) + ^ + f + rf+ (S) ~ d ' (5) = 
+ «^i+»^ r i + ^ + ^ + d+ ( s )- rf '^ = 7 (G) + £±£=± + d+(s) - rf ' (s) arcs, as 
required. A 



3 Two-way Reduction Rules 

In the rest of this paper, G stands for an arbitrary connected oriented graph with n vertices 
and to arcs. We initially apply two 'two-way' reduction rules to (G, k) to form a new instance 
(G', k) such that (G', k) is a YES-instance of ASAPT if and only if (G, k) is a YES-instance 
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of AS APT (i.e., the value of the parameter remains unchanged). We denote the number of 
vertices and arcs in G' by n' and m', respectively. 

► Reduction Rule 1. Let a; be a vertex and S a set of two vertices such that G[S] is a 
component of G — x and G[S U {x}] is a directed 3-cycle. Then G' := G — S. 

► Lemma 3. If(G',k) is an instance obtained from (G,k) by an application of Rule [7] 
then G' is connected, and (£?', k) is a YES-instance of ASAPT if and only if (G, k) is a 
Yes -instance of ASAPT. 

Proof. Any two components of G' — x will be connected by x and so G' is connected. Since 
a(G') = a(G) - 2, mf = m - 3 and n' = n - 2, we have a(G) > f + ^f 1 + § if and only if 

a(G')> ^ + ^ + 3- " + 

► Reduction Rule 2. Let a,b,c,d,e be five vertices in G such that G[a,b,c] and G[c,d,e] 
are directed 3-cycles, G[a, b, c, d, e] = G[a, b, c] U G[c, d, e] and a, e are the only vertices in 
{a, b, c, d, e} that are adjacent to a vertex in G — {a, b, c, d, e}. To obtain G' from G, delete 
&, c and <i, add a new vertex x and three arcs such that G[a, x, e] is a directed 3-cycle. 

► Lemma 4. If(G',k) is an instance obtained from (G,k) by an application of Rule ^ 
then G' is connected, and (G',fc) is a YES-instance of ASAPT if and only if (G,k) is a 
YES-instance of ASAPT. 

Proof. Clearly G' is connected. Note that a(G') = a(G) — 2, m' = m — 3 and n' — n — 2. 
Thus, we have a(G) > f + + \ if and only if a(G') > ™i + 2^ + *. A 

4 One-way Reduction Rules 

Recall that G stands for an arbitrary connected oriented graph with n vertices and m arcs. 
We will apply reduction rules transforming an instance (G, k) of ASAPT into a new instance 
(G', k'), where G' is an oriented graph with n' vertices and m! arcs, and k' is the new value of 
the parameter. We will see that for the reduction rules of this section the following property 
will hold: if (G', k') is a YES-instance then (G, k) is a YES-instance, but not necessarily vice 
versa. Thus, the rules of this section are called one-way reduction rules. 

► Reduction Rule 3. Let i be a vertex such that G — x is connected, and d + (x) ^ d~(x). 
To obtain (G', k') remove x from G and reduce k by 2\d + (x) — d~(x) \ — 1. 

► Lemma 5. If(G',k') is an instance reduced from (G,k) by an application of Rule^ then 
G' is connected, and i/(G',fc') is a YES-instance then (G,k) is a YES-instance. 

Proof. Let (G',k') be a YES-instance. Then by Lemma [2] with S — {x} and k" = 0, 

a(G) > 7 (G) + *fi + |rf+(5) ~ d ' (s)l = 7 (G) + |, as required. < 

► Reduction Rule 4. Let S be a set of vertices such that G — S is connected, G[S) is a 
tournament, and \S\ > 4. To obtain (G', k'), remove S from G and reduce k by 2\S\ — 4 if 
S is even, or 2\S\ - 7 if |5| is odd. 

► Lemma 6. If(G',k') is an instance obtained from (G,k) by an application of Rule^ then 
G' is connected, and if (G',k') is a YES-instance then (G,k) is a YES-instance. 

Proof. Suppose |5| is even. By Lemma El a(G[5]) > j(G[S]) + 2 ^^. By Lemma R if 
a(G') > 7 (G') + (k — 2\S\ + 4)/4, then a(G) > 7 (G) + (fc-2|s|+4)+(2|s|-3)-i = ^ + k > ag 
required. 
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A similar argument applies in the case when 15*1 is odd, except the bound from Lemma 
|l]is *y(G[S\) + and so k' = k - (2\S\ - 7) is applied. ^ 

► Reduction Rule 5. Let S be a set of three vertices such that the underlying graph of G[S] 
is isomorphic to P 3 , and G — S is connected. To obtain (G', fc'), remove S from G and reduce 
k by 1. 

► Lemma 7. If(G',k') is an instance obtained from (G,k) by an application of Rule^ then 
G is connected, and if(G',k') is a YES-instance then (G, fc) is a YES-instance. 

Proof. Observe that a(G[S]) = >y(G[S])+±. Hence, by Lemma| if a(G') > -y(G')+{k-l)/4, 
then a(G) > 7(G) + Jfc/4. " < 



5 Fixed- Parameter Tractability of AS APT 

The next lemma follows immediately from a nontrivial structural result of Crowston et al. 
(Lemma 3 in [5]). 

► Lemma 8. Given any connected undirected graph H. at least one of the following properties 
holds: 

A There exist v € V(H) and X C V(H) such that X is a connected component of H — v 
and X is a clique; 

B There exist a, b, c G V(H) such that H[{a, b, c}] is isomorphic to P3 and H — {a, b, c} is 
connected; 

C There exist x, y G V(H) such that {x, y} ^ E(H), H — {x, y} is disconnected, and for all 
connected components X of H — {x,y}, except possibly one, X U {x} and X U {y} are 
cliques. 

► Lemma 9. For any connected oriented graph G with at least one edge, one of Rules [7| [?[ 
[7J [5] applies. 

Proof. If there is a vertex x G X such that G — x is connected and d + (x) ^ d~(x) (we will 
call such a case an unbalanced case), then Rule [3] applies. Thus, assume that for each x G X 
such that G — x is connected we have d + (x) = d~(x). 

Consider the case when property A holds. If \X\ > 4, Rule [4] applies on S = X. If 
\X\ = 3, there has to be exactly one arc between X and v and G[X) is a directed 3-cycle 
as otherwise we have an unbalanced case. Let x € X be the endpoint of this arc in X. 
Then Rule [l] applies with S = X\{x}. If \X\ = 2, then G[X U {v}} is a directed 3-cycle (as 
otherwise we have an unbalanced case) and so Rule [l] applies. We cannot have \X\ = 1 as 
this is an unbalanced case. 

If property B holds, then Rule [5] can be applied to the path P 3 formed by a,b,c in the 
underlying graph of G. 

Consider the case when property C holds. We may assume without loss of generality 
that the non-tournament component is adjacent to y. 

Consider the subcase when G — {x, y} has two connected components, X\ and X 2 , that 
are tournaments. Let x\ G X±, x 2 G X 2 and observe that the subgraph induced by Xi,x, x 2 
forms a P3 in the underlying graph of G and G — {x\,x,x 2 } is connected, and so Rule [5] 
applies. 

Now consider the subcase when G — {x,y} has only one connected component X that 
is a tournament. If \X\ > 3, then X U {x} is a tournament with least four vertices, and so 
Rule [1] applies. If \X\ = 2, then let X = {a, b}. Observe that a is adjacent to three vertices, 
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b,x,y, and so we have an unbalanced case to which Rule [3] applies. Finally, X — {a} is a 
singleton, then observe that x, a, y form a P3 in the underlying graph of G and G — {x, a, y} 
is connected, and so Rule [5] applies. -4 

In this paper, we consider the one-vertex undirected graph as 2-connected. A maximal 
2-connected induced subgraph of an undirected graph is called a block. An undirected graph 
H is called a forest of cliques if each block of if is a clique. A subgraph B of an oriented 
graph G is a block if UN(_B) is a block in UN(G). An oriented graph G is a forest of cliques 
if UN(G) is a forest of cliques. A connected graph H that is a forest of cliques is known as 
a tree of cliques. 

► Lemma 10. Given a connected oriented graph G and integer k, we can either show that 
(G, k) is a YES-instance of AS APT, or find a set U of at most 3k vertices such that G — U 
is a forest of cliques with the following properties: 

1. Every block in G — U contains at most three vertices; 

2. Every block X in G — U with \X | = 3 induces a directed 3- cycle in G; 

3. Every connected component in G — U has at most one block X with \X\ — 2 vertices; 

4. There is at most one block in G — U with one vertex (i.e., there is at most one isolated 
vertex in G — U ). 

Proof. Apply Rules [l] [3] |1J [5] exhaustively, and let U be the set of vertices removed by 
Rules [3| [I) and|5](but not Rule[l]). If we reduce to an instance (G",k") with k" < 0, then 
by Lemmas [3j [5] |6] and [7] (G,k) is a YES-instance and we may return Yes. Now assume 
that, in the completely reduced instance (G", k"), k" > 0. We will prove that \U\ < 3k and 
G — U satisfies the four properties of the lemma. 

Observe that each time k is decreased by a positive integer q, at most 3q vertices are 
added to U. Thus, \U\ < 3k. The rest of our proof is by induction. Observe that, by 
Lemma [9] for the completely reduced instance (G", k") either G" = or G" consists of a 
single vertex. Thus, G" — U satisfies the four properties of the lemma, which forms the basis 
of our induction. 

For the induction step, consider an instance (G", k") obtained from the previous instance 
(G', k') by the application of a reduction rule. By the induction hypothesis, G" — U satisfies 
the four properties of the lemma. In the application of each of Rules [3] [3] and [5] the vertices 
deleted are added to U. Hence G" — U = G' ~U and we are done unless G" is obtained from 
G' by an application of RuleJT] Recall that in Rule [l] we delete a set S such that G[SU {x}] 
forms a directed 3-cycle. We do not add S to U. If x G G" - U, then in G' - U, S U {x} 
forms a block of size 3 that is a directed 3-cycle. If x ^ G" — U, then in G' — U, S forms 
a new connected component with one block S with \S\ = 2 vertices. Thus, G' — U satisfies 
the four properties. < 

► Theorem 11. There is an algorithm for ASAPT of runtime 0((3k)ln°^) . 

Proof. We may assume that for a connected oriented graph G we have the second alternative 
in the proof of Lemma [To] i.e., we are also given the set U of at most 3k vertices satisfying 
the four properties of Lemma [lO] Consider an algorithm which generates all orderings of 
U, in time 0((3k)l) as \U\ < 3k. An ordering ui,U2, ...,u\u\ of U means that in the acyclic 
subgraph of G we are constructing, we keep only arcs of G[U] of the form Ujitj, i < j. For 
each ordering we perform the following polynomial-time dynamic programming procedure. 

For each vertex x G G — U, we define a vector (xo, . . . , Xt+i). Initially, set Xi to be the 
number of vertices Uj € U with an arc from Uj to x if j < i, or an arc from x to Uj if 
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i < j. Note that Xi is the number of arcs between x and U in the acyclic subgraph under 
the assumption that in the ordering of the vertices of G, x is between Ui and itj+i. 

Given v, w € V{G — U) and an ordering of U U {v, w}, an arc vw is satisfiable if there is 
no Up such that v is after u p and u> is before u p , for some p S [|f|]. Let T be a set of arcs 
and let V(T) be the set of end- vertices of T. For an ordering of U U V(T), T is satisfiable if 
each arc is satisfiable, and the set T induces an acyclic subgraph. 

If G—U contains a block 5 that is itself a connected component, consider S and arbitrarily 
select a vertex x of S. Otherwise, find a block S in G — U with only one vertex x adjacent 
to other vertices in G — U (such a block exists as every block including an end-vertex of a 
longest path in UN(G) — U is such a block). Without loss of generality, assume that S has 
three vertices x, y, z (the case |5| = 2 can be considered similarly). 

For each i <G {0, . . . ,t + 1}, we let a,i be the maximum size of a set of satisfiable arcs 
between S and U under the restriction that x lies between itj and u^+i. Observe that 
a, = maxj t h(xi + yj + Zf- t + /3(i,j,h)), where j3(i,j,h) is the maximum size of a set of 
satisfiable arcs in G[S] under the restriction that x lies between m and Ui+±, y lies between 
Uj and Uj+i, and z lies between Uh and u^+i- Now delete <S\{:e} from G, and set Xi = on 
for each i. 

Continue until each component of G — U consists of a single vertex. Let x be such a 
single vertex, let G* be the original graph G (i.e., given as input to our algorithm), and let 
X be the component of G* — U containing x. By construction, Xi is the maximum number 
of satisfiable arcs from arcs in X and arcs between X and U in G* , under the assumption x 
is between m and itj+i. Since each vertex x represents a separate component, the maximum 
acyclic subgraph in G has Q + J2xev(G-U)( majXi Xi ) arcs i where Q is the number of arcs 
UiUj in G[U] such that i < j. 

Since the dynamic programming algorithm runs in time polynomial in n, running the 
algorithm for each permutation of U gives a runtime of 0((3fc)!n 0( ' 1 )). -4 

6 Polynomial Kernel 

► Lemma 12. Let T be a directed 3-cycle, with vertices labeled or 1. Then there exists an 
acyclic subgraph of T with two arcs, such that there is no arc from a vertex labeled 1 to a 
vertex labeled 0. 

Proof. Let V(T) — {a,b,c} and assume that a, b are labeled 0. Since T is a cycle, either 
the arc ac or be exists. This arc, together with the arc between a and b, form the required 
acyclic subgraph. A similar argument holds when two vertices in T are labeled 1. < 

Recall that U was introduced in Lemma [10] as the set of vertices removed by Rules [3j [4] 
and [5] We say that a set {u, a, b} of vertices is a dangerous triangle if u G U, G[a,b] is a 
block in G — U, and G[u,a,b) is a directed 3-cycle. 

► Lemma 13. For a vertex u € U, lett u denote the number of neighbors ofu in G—U which 
do not appear in a dangerous triangle containing u. Ift u > 4fc, then we have a YES-instance. 

Proof. Let S denote the subgraph of G — U consisting of all components C of G — U which 
have a neighbor of u. For each component C of S, let t u (C) denote the number of neighbors 
of u in C which do not appear in a dangerous triangle containing u. 

For each vertex x € G — U , label it if there exists an arc from x to u, or 1 if there 
is an arc from u to x. Recall from Lemma |10| each connected component in G — U has at 
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most one block X = {x, y} with |X| = 2. If one vertex x is labeled, assign y the same label. 
Finally, assign label 1 to any remaining unlabeled verticies in G — U. 

We will now construct an acyclic subgraph H' of G — U such that there is no arc from 
a vertex labeled 1 to a vertex labeled 0. We then extend this to an acyclic subgraph H 
containing all the arcs between u and S. 

Consider each block X in G — U. If \X\ = 3, and X is a directed 3-cycle, then by Lemma 



12 there is an acyclic subgraph of X with two arcs. Add this to H'. Now suppose \X\ = 2, 
and let a, b be the vertices of X with an arc from a to b. If G\X U {u}] is a dangerous 
triangle, then a is labeled 1 and b is labeled 0. In this case we do not include the arc ab in 
H' . However, H will include the two arcs between X and u, which do not count towards 
t u (C). If G[X U {u}] is not a dangerous triangle, then we include the arc ab in the acyclic 
subgraph H' . Finally, let H be the acyclic subgraph formed by adding all arcs between u 
and S to H'. 

Observe that for each component C of S, if G[GU{m}] contains no dangerous triangle then 
H contains at least 7(C) arcs in G[C] (by the construction of H') and t u (C) arcs between 
C and u (since all arcs between S and u are in H), and 7(6* U {u}) := ~f(G[C U {u}]) = 
7(C) + + |. So H contains at least 7 (G U {«}) + t ^f 1 - \ arcs. Since G[C U {u}} 

contains no dangerous triangle but C is adjacent to u, t u (C) > 1, and so H contains at least 
7(C U {u}) + ^ arcs. 

If G[C U {u}] contains a dangerous triangle then H contains at least 7(G) — | arcs in 
G[G] (this can be seen by contracting the arc in G appearing in the dangerous triangle, and 
observing that in the resulting component C' , H has at least 7(C) arcs) and t u (C) + 2 
arcs between G and u, and 7(G U {u}) = 7(G) + *"^)+ 2 + I. Thus, H contains at least 
j(CU{u}) + t -^ arcs. 

Let Gi, G2, . . . , C q be the components of S. Observe that j(SU{u}) = Yli=i 7(GiU{u}). 
Then by combining the acyclic subgraphs for each G[GjU{u}], we have that o(G[S'U{u}]) > 

Eli(7(auW)+ f f 1 ) = 7(suW) + |. 

Finally, observe G—S — u has at most 3fc component, since each component must contain 
a vertex of U. By repeated application of Lemma [2] this implies there is an acyclic subgraph 
of G with at least 7(G) + *"~ 3fc arcs. Hence, if t u > 4k, we have a YES-instance. < 



Using the above lemma and the fact that \U\ < 3fc (by Lemma 10 1, we have that unless 
(G, k) is a YES-instance, there are at most 12fc 2 vertices in G — U that are adjacent to a 
vertex in U and do not appear in a dangerous triangle with that vertex. 

► Lemma 14. Let s be the number of components in G — U in which every neighbor x 
of a vertex u € U appears in a dangerous triangle together with u. If s > k, we have a 
YES-instance. 



Proof. By Lemma 10 such a component Gi contains at most one block of size 2. Since only 
blocks of size 2 can have vertices in dangerous triangles, only the vertices from this block 
in Ci may be adjacent to a vertex in U. But since G is reduced by Rule [T] component Ci 
must consist of only this block. Moreover, this block must appear in at least two dangerous 
triangles. Let a*, bi be the vertices of Cj, i — 1, . . . , s and let G = Uf =1 {aj, b{\. Let Oj6j be 
an arc for each i — 1, . . . , s and note that every arc of G containing (bi, respectively) is 
either a^6i or is from U to (from bi to U, respectively). Let Si be the number of dangerous 
triangles containing a, and bf, note that Si > 2. 

By Q, G — C has an acyclic subgraph H with at least 7(G — G) arcs. Observe that 
we can add to H all arcs entering each and leaving each bi, i — 1, . . . , s, and obtain an 
acyclic subgraph H* of G. We will prove that H * contains enough arcs to show that (G, k) 
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is a YES-instance. Observe that G — C has at most \U\ < 3fc components and G[C] has 2s 
vertices and 2 ^|=i $i + s arcs, and recall that each Si > 2. Thus, the number of arcs in H* 
is at least 

j(G-C)+2 2^6i > ^ + +2 2_^5i 

i=l i=l 

> 7 (G) + ^5 i - s -^> 7 (G) + ^. 

i=l 



Let H be an undirected forest of cliques, where each block contains at most three vertices. 
A block B of H is called a leaf-block if there is at most one vertex of B belonging to another 
block of H. We denote the set of leaf-blocks of H by C(H). A block B of H is called a 
path-block if there is another block i3' of H such that i? and B' have a common vertex c 
which belongs only to these two blocks, at most one vertex of B belongs to a block other 
than B' , and at most one vertex of B' belongs to a block other than B. We denote the set 
of path-blocks which are not leaf-blocks by V(H). 

► Lemma 15. For a forest of cliques H, with each block of size at most three, if I = \C{H)\ 
and p = \V{H)\ then \V(H)\ < 81 + 2p. 

Proof. We prove the claim by induction on the number of blocks in H . The case when H 
has only one block is trivial. Thus, we may assume that H has at least two blocks and H 
is connected. Let B be a leaf-block of H, and obtain subgraph H' by deleting the vertices 
of B not belonging to another block. Note that \V(H)\ < \V(H')\ + 2. 

Assume that H' has a leaf-block B' which is not a leaf-block in H. Observe that B' £ 
V(H) and by induction \V(H) \ < 2 + 81 + 2(p - 1) < 81 + 2p. 

Now assume that \C(H')\ =1 — 1. Observe that removal of B from H may lead to 
a neighbour of B, B', becoming a path-block in H' , together with at most two blocks 
neighbouring B' . Thus, at most three blocks may become path- blocks in H'. By the 
induction hypothesis, \V(H')\ < 8(1- 1) +2(p+3). Hence, \V(H)\ < 8(l-l) + 2(p + 3) + 2 < 
81 + 2p. < 

► Theorem 16. Acyclic Subgraph above Poljak-Turzik Bound (ASAPT) has a 
kernel with 0(k 2 ) vertices and 0(k 2 ) arcs. 

Proof. Consider an instance of (G* , k) of ASAPT. Apply Rules[l]and|2]to obtain an instance 
(G,k) reduced by Rules [l] and |] 

Assume that (G,k) is reduced by Rules [l] and [2] and it is a No-instance. 

Now we will apply all reduction rules but Rule [2] As a result, we will obtain the set U 
of vertices deleted in Rules [3] [4] and [5] By Lemma [To] \U\ < 3fc and, by Lemma 13 each 



u € U has at most 4fc neighbors that do not appear in a dangerous triangle with u. By 



Lemma 14 there are at most 2k vertices in G — U that appear in a dangerous triangle with 
every neighbor in U (there are at most k components, and each component has two vertices). 
Hence the number of neighbors in G — U of vertices of U is at most 4k\U\ + 2k = 12k 2 + 2k. 



Now we will adopt the terminology and notation of Lemma 15 (we extend it from UN(G— 
U) to G — U as we have done earlier). Consider a leaf-block B. Since G is reduced by Rules 
[T|and[3] B must contain a vertex v adjacent to U, and furthermore, v is not contained in 
any other block. Hence, \C(G - U) \ < 12k 2 + 2k. 
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Next, we observe that Rule [2] implies there do not exist two adjacent 3-vertex blocks 
B = {a,b,c}, B' = {c,d,e} such that only a and e belong to other blocks, unless one of 
b, c, d has a neighbor in U . Observe that each connected component of G — U contains 
at most one 2-vertex block, so there are at most 12fc 2 + 2k 2-vertex path blocks. Each 
2- vertex path block is adjacent to at most two 3-vertex path blocks. Hence, \V(G — U)\ < 



6(12/c 2 + 2fc). So, by Lemma[l5] \V(G-U)\ < 8(12fc 2 + 2k) + 2 • 6(12fc 2 + 2k) = 0(k 2 ), and 
so \V(G)\ < 0{k 2 ) + 3fc = 0(k 2 ). 

Finally, we show G has 0(k 2 ) arcs. There are at most \U\ 2 arcs in U. Between G — U 
and U there are at most (4fc + 2fc)|C| arcs. Finally, observe that G — U has at most 
\V{G — U)\ < 20(12fc 2 +2fc) blocks, and each block contains at most 3 arcs. Hence, \A(G)\ < 
\U\ 2 + 60(12fc 2 + 2k) < 9k 2 + 60(12/c 2 + 2k) = 0{k 2 ). 

Thus, either (G,k) is a YES-instance, or (G,k) forms a kernel with 0(k 2 ) vertices and 
0(k 2 ) arcs. -4 

7 Discussion 

After this paper was submitted to FSTTCS 2012, we learned that Mnich et al. [TS] combined 
modified approaches of [5] and |18j to prove that a number of graph problems parameterized 
above tight lower bounds are fixed-parameter tractable. In particular, they proved that 
ASAPT is fixed-parameter tractable. However, [15] did not obtain any results on polynomial 
kernels. 



The algorithm of Theorem 11 has runtime 2°( fclosfc - l n 0< ' 1 '. It would be interesting to 
design an algorithm of runtime 2 ^n ^ or to prove that such an algorithm does not exist, 
subject to a certain complexity hypothesis, as in [13 . It would also be interesting to see 
whether ASAPT admits a kernel with O(k) vertices. 



References 

I N. Alon, G. Gutin, E. J. Kim, S. Szeider, and A. Yeo, Solving MAX-r-SAT above a tight 
lower bound. Algorithmica 61 (2011) 638-655. 

J. Bang-Jensen and G. Gutin, Digraphs: Theory, Algorithms and Applications, Springer- 
Verlag, London, 2nd Ed., 2009. 

3 J. Chen, Y. Liu, S. Lu, B. O'Sullivan, and I. Razgon, A fixed-parameter algorithm for the 
directed feedback vertex set problem. J. ACM 55(5) (2008). 

4 R. Crowston, M. Fellows, G. Gutin, M. Jones, F. Rosamond, S. Thomasse and A. Yeo. Sim- 
ultaneously Satisfying Linear Equations Over F 2 : MaxLin2 and Max-r-Lin2 Parameterized 
Above Average. In FSTTCS 2011, LIPICS Vol. 13, 229-240, 2011. 

5 R. Crowston, M. Jones and M. Mnich, Max-Cut Parameterized above the Edwards-Erdos 
Bound, In ICALP 2012, Lect. Notes Comput. Sci. 7391 (2012) 242-253. 

6 M. Cygan, M. Pilipczuk, M. Pilipczuk, and J. O. Wojtaszczyk. On multiway cut paramet- 
erized above lower bounds. In IPEC 2011, Lect. Notes Comput. Sci. 7112 (2011), 1-12. 

7 R. G. Downey and M. R. Fellows, Parameterized Complexity. Springer- Verlag, 1999. 

8 J. Flum and M. Grohe, Parameterized Complexity Theory, Springer- Verlag, 2006. 

9 G. Gutin, L. van Iersel, M. Mnich, and A. Yeo, All ternary permutation constraint satisfac- 
tion problems parameterized above average have kernels with quadratic number of vertices. 
J. Comput. Syst. Sci. 78 (2012), 151-163. 

10 G. Gutin, E. J. Kim, M. Mnich, and A. Yeo. Betweenness parameterized above tight lower 
bound. J. Comput. Syst. Sci. 76 (2010), 872-878. 

II G. Gutin, E.J. Kim, S. Szeider, A. Yeo, A probabilistic approach to problems parameter- 
ized above or below tight bounds, J. Comput. Syst. Sci. 77 (2011) 422-429. 



Directed Acyclic Subgraph Problem Parameterized above the Poljak-Turzik Bound 



12 G. Gutin and A. Yeo, Some Parameterized Problems on Digraphs. The Computer Journal 
51 (2008) 363-371. 

13 D. Lokshtanov, D. Marx and S. Saurabh, Slightly superexponential parameterized prob- 
lems, In SODA 2011, 760-776, 2011. 

14 M. Mahajan, V. Raman, S. Sikdar, Parameterizing above or below guaranteed values, J. 
Comput. System Sci. 75 (2) (2009) 137-153. 

15 M. Mnich, G. Philip, S. Saurabh, and O. Suchy, Beyond Max-Cut: A-Extendible Properties 
Parameterized Above the Poljak-Turzik Bound. In FSTTCS 2012, to appear. 

16 N.S. Narayanaswamy, V. Raman, M.S. Ramanujan, and S. Saurabh, LP can be a cure for 
Parameterized Problems, In ST ACS 2012, LIPICS Vol. 14, 338-349, 2012. 

17 R. Niedermeier. Invitation to Fixed-Parameter Algorithms, Oxford UP, 2006. 

18 S. Poljak and D. Turzik, A polynomial time heuristic for certain subgraph optimization 
problems with guaranteed worst case bound. Discrete Mathematics, 58 (1) (1986) 99-104. 

19 V. Raman and S. Saurabh, Parameterized algorithms for feedback set problems and their 
duals in tournaments. Theor. Comput. Sci., 351 (3) (2006) 446-458. 

20 J. Spencer, Optimal ranking of tournaments. Networks 1 (1971) 135-138. 



